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ABSTRACT 

It is commonly believed that one can prove Ramsey properties only for 
simple and "well behaved" structures. This is supported by the link of 
Ramsey classes of structures with homogeneous structures. We outline 
this correspondence in the context of the Classification Programme for 
Ramsey classes. As particular instances of this approach one can charac- 
terize all Ramsey classes of graphs, tournaments and partial ordered sets 
and also fully characterize all monotone Ramsey classes of relational sys- 
tems (of any type). On the other side of this spectrum many homogeneous 
structures allow a concise description (called here a finite presentation) by 
means of all finite models of a suitable theory. Extending classical work 
of Rado (for the random graph) we find a finite presentation for each of 
the above classes where the classification problem is solved: (undirected) 
graphs, tournaments and partially ordered sets. The main result of the 
paper is a construction of classes :Pc and 9 !  of finite structures which 
are isomorphic to the generic (i.e. homogeneous and universal) partially 
ordered set. Somehow surprisingly, the structure 7~E extends Conway's 
surreal numbers and their linear ordering. 

* Suppor ted  by Grants  LN00A56 and 1M0021620808 of the  Czech Ministry of 
Educat ion  and I C R E A ,  Barcelona,  Spain. 
Received February  15, 2004 

21 



22 J. HUBI(~KA AND J. NESETl~IL Isr. J. Math. 

1. R a m s e y  classes  and  h o m o g e n e o u s  s t r u c t u r e s  

Let ~ be a class of objects which is isomorphism closed and endowed with sub- 

objects. Given two objects A, B E ~ we denote by (~) the set of all subobjects 

A' of B which are isomorphic to A. We say that the class t~ has A - R a m s e y  

p r o p e r t y  if the following statement holds: 

For every positive integer k and for every B E K there exists C E ~ such that 

C ) (B)~. Here the last symbol ( E r d 6 s - R a d o  p a r t i t i o n  a r row)  has the 

following meaning: 

For every partition (~) = A, U A2 (3.-.  U ~lk there exists B'  E (~) and an 

i, 1 < i < k such that (~') C ~4~. 

In the extremal case that a class/C has A-Ramsey property for every its object 

A we say that /C is a Rarnsey class. 

These notions crystallized in the early seventies, see e.g. [21, a2, 11]. This 

formalism and the natural questions it motivated essentially contributed to cre- 

ate establish Ramsey theory as a "theory" (as nicely put in the introduction to 

[12]). 

The notion of a Ramsey class is highly structured and in a sense it is the top 

of the line of the Ramsey notions ("one can partition everything in any number 

of classes to get anything homogeneous"). Consequently there are not many 

(essentially different) examples of Ramsey classes known. 

Examples of Ramsey classes include 

i. The class of all finite ordered graphs. 

ii. The class of all finite partially ordered sets (with a fixed linear extension). 

iii. The class of all finite vector spaces (over a fixed field F).  

iv. The class of all (labeled) finite partitions. 

For these results see [11, 12, 30, 25]. We formulate explicitly one of the most 

general results (for relational structures of a given type): 

Let A = (5i;i E I) be a sequence of natural numbers. A is called the type 

(or signature). For a fixed A, we shall consider the class Rel(A) of all finite 

o r d e r e d  re l a t iona l  s t r u c t u r e s  of type A. These are objects of the form 

(X, (R~; i E I)) where X is a non-empty ordered set and Ri C_ X ~, (i.e. Ri 

is a 5~-ary relation). We also put A_ = X, Ri(A)  -- Ri.  The class Rel(A) 

will be considered with embeddings (corresponding to induced substructures): 

Given two relational structures (X, (R~; i E I)) and (X',  (R~; i E I)) of type A, 
a mapping f:  X ---+ X '  is called an e m b e d d i n g  if it is monotone injection 

of X into X'  satisfying ( f ( x j ) ; j  = 1,...,($~) E R~ iff ( x j ; j  = 1, . . . , ($i)  E 1=l~. 
As usual, an inclusion (or bijective) embedding is called a s u b s t r u c t u r e  (or 
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isomorphism).  Given two ordered relational structures A, B we denote by (~) 

the class of all substructures A' of B which are isomorphic to A. We have the 

following 

THEOREM 1.1 ([28]): For every choice of a natural number k, of a type A and of 

structures A, B E Rel(A) there exists a structure C E Rel(A) with the following 

property: For every partition (c) = A1 U A2 U . . . u Ak there exists i, 1 < i < k, 

and a substructure B r E (c) such that (~') C A, .  

From today's perspective all these results may be obtained (from a few "ba- 

sic" Ramsey-type results, such as Ramsey theorem itself or its "dual form" 

Hales-Jewett theorem) by variants of amalgamat ion  technique (known also 

as Pa r t i t e  Const ruct ion) ;  see [33, 31, 30, 25]. 

It is interesting that the amalgamation technique is (almost) necessary as we 

have the following easy but important result observed already in [23], see recent 

[24, 16]. This can be formulated in surprising generality. 

First, we review some basic notions from model theory: Let/(7 be a class of 

structures endowed with embeddings. 1~ is said to be 

i. i somorphism closed if it contains with every A E K: any object A' 

isomorphic to A; 

ii. he red i t a ry  if B C E and A ) B (in E) implies that A E K; 

iii. joint  e m b e d d i n g  p r o p e r t y  if for every A, B E /(7 there exists C E 

such that both A and B can be embedded to C; 

iv. ]C is said to have an amalgamat ion  p r o p e r t y  if for every A, B, B' E 
B ' B' and every choice of embeddings f:  A ~ , f : A > there exists 

C C/~ and embeddings g: B ----+ C,g': B'  ~ C such that go f = g' o f ' .  

(C, g, g') is called an amalgamat ion  of (A, B,  B' ,  f ,  f ' ) .  

Note that it is not assumed that the sets 9 o f (B)  and g' o f ' (B ' )  intersect in 

the set g o f ( A )  = g' o f ' ( A ) .  An amalgamation with this additional property is 

called strong.  

The key observation in our programme is the fact that Ramsey classes are 

closed on amalgamation (this has been noted already in [29], see also [16, 25]). 

We formulate this in a stronger form by means of a class ~ of "admissible" 

orderings. We say that a class J of orderings of objects in ~U is rich if the 

following holds: 

For every object A, B1, B2 of K: and with embeddings fi: A ---+ Bi there exist 

objects B~ E /~, embeddings f~: A ---+ B~ and admissible orderings _<, _<~ of 

A, B~, i = 1, 2, such that ).[ extends f~ (thus Bi is a substructure of B~) and 
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such that every amalgamation (in (]C,-~)) of ((A, <_), (B~, _<~), (B~, <_~), f ; ,  f~) 

is strong. 

All classes of admissible orderings which were mentioned above are rich. For 

example, the class of all linear orderings is rich as well as the class of all linear 

extensions of partial orders. 

THEOREM 1.2: Let IC be any hereditary, isomorphism closed class with the 

joint embedding property. Then we have 

1. If  1C is a Ramsey class (with embeddings as subobjects) then IC has 

amalgamation property. 
2. If'< is a rich class of admissible orderings of lC and (JC, ~) is Ramsey class 

then ]C a strong amalgamation property. 

Proof: We prove 1. first. Let A, B1, B2 be objects of /~  and let embeddings 

f~: A .~ B~, i = 1, 2, be given. Using the joint embedding property let C be an 

object for which there are embeddings gi: Bi > C, i = 1, 2. If gl o fl  = g2 o ]2 

then we are done. So assume gl o f l ¢  g2 o f2. Let D ---+ (C) A. In this situation 

we define a partition (D) = ,41 U ,42 as follows: 

A' E ,41 iff there exist embeddings h: C ~ D such that the embedding 

f:  A > D which represents A' as member of the set (~) can be written as 

f = h o gl o f l .  Otherwise we put A I E A2. By the Ramsey property of D 

there exists C' • (D) represented by an embedding h': C > D such that 

{h 'o  f ;  f • (c ')} is a subset of `440. Now any subobject of D isomorphic to 

C contains a subobject isomorphic to A which is colored by 1. Thus i0 = 1. 

Consider the embedding h' o g2 o f2 E (D). This subobject of D is also a 

subobject of C p and thus it is also colored by io = 1. Thus there must exist 

an embedding hP': C ----+ D corresponding to a subobject C" e (8) such that 

h" o gl o f l  = h ~ o g2 o f2. But  this means that  object D together with embeddings 

h" o gl: B1 > Dandhtog2: B2 ~ Disanamalgamationof(A, B1 B2, f l , f2) .  

To prove 2. we can proceed similarly. We stress only the differences: Given 

A, B1,B2 E IC and embeddings f l , f 2  we find objects B~,B~, admissible 

orderings <_,_<1,<_2 and embeddings f~,f~ by the richness of admissible 

class ~ (we preserve the notation of the above definition). By the proof of i. 

(for the class (]E, ~)  there exists an amalgamation (C, gl, g2) of (A, <_), (B~, <_1), 

(B~, _<2), f l ,  f2) (in (]~, _)) .  Consider the restrictions ~i = gi ] B___i, i = 1, 2, and 

denote by C the subobject of C induced by the set B1 U B2. We see easily that 

(C, ~1, g2) is a strong amalgamation of (A, B1, B2, f l ,  f2) in )E. | 

Despite its simplicity this result establishes an important link to model theory 



Vol. 149, 2005 FINITE PRESENTATION OF HOMOGENEOUS GRAPHS 25 

and its classification programme for homogeneous structures: 

A (finite or infinite) structure A is called h o m o g e n e o u s  if for any choice of 

finite substructures B, B' of A, every isomorphism f:  B > B r can be extended 

to an isomorphism g: A --~ A (i.e. we demand that  g restricted to B is f ) .  For 

an infinite structure A the age of A (denoted by age(A)) is the class of all 

(isomorphism types of) finite substructures of A. In this case we also say that  

A is un iversa l  for age(A) (although this term is usually reserved for countable 

universality). 

Homogeneity is a very strong symmetry property (generalizing vertex-, edge-, 

path-transitive graphs) and as a result there are just a handful of finite examples 

(totally symmetric objects are of course among them). But infinite homogeneous 

structures are more frequent and present important examples. Note that  not 

every homogeneous structure is Ramsey. 

It follows from a classical result of ~giss@ ([8], see also [14]) that  a class K; 

is an age of a homogeneous structure S iff it satisfies the above assumptions 

i.,ii.,iii.,iv.: 
In addition, for a class ]C with i.,ii.,iii.,iv., the homogeneous S satisfying 

age(S) = ]C is uniquely determined up to an isomorphism and it is called the 

Fra'iss~ l imit  of JC. 
The structure U is called generic ,  or Fra'iss@ l imi t  for the class 1C. The 

generic structure is homogeneous and thus highly structured. This is reflected 

also in the fact that  very often U has an easy description. This correspondence 

allows us to study (seemingly very diverse) Ramsey classes by means of single 

objects of high symmetry. 
The following is a consequence of Fra'iss@ Theorem and Theorem 1.2: 

COROLLARY 1.3: Let ]C be a Ramsey class (with embeddings as subobjects) 

which is hereditary, isomorphism closed and with joint embedding property. 
Then JC is the age of a generic (homogeneous and universal) structure U(IC). 

This relates two seemingly unrelated things: Ramsey classes and homoge- 

neous structures. This allows us to use known results about homogeneous struc- 

tures (in the cases when their classification programme is completed) and to 

check whether the corresponding classes (i.e. their ages) are Ramsey. Schemat- 

ically we propose (see [24]) to proceed as follows: 

I. Ramsey Classes ~ Amalgamation Classes. 

II. Amalgamation Classes =~ Generic Structures. 

III. Generic Structure ~ Special Generic Structures. 

IV. Special Generic Structures =~ Ramsey Classes. 
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Thus the Classification Programme for Ramsey Classes may be expressed by 

the following scheme: 

Ramsey Classes 

Special Structures-: 

> Amalgamation Classes 

Generic Structures 

I. is provided by Theorem 1.2, II. is provided by the Pra'iss@ Theorem. The 

bottleneck of this programme are obviously statements III. and IV. The state- 

ment III. symbolizes the Classification Programme (of Lachlan-Cherlin; see e.g. 

[20, 4]). Ramsey theory context IV. is presenting also some interesting (and 

difficult) problems. 

Despite the difficulties, we believe that  this is a realistic project as also 

illustrated by the fact that  in this way all Ramsey Classes of ordered graphs, 

partially ordered sets and tournaments were determined [23, 24]. We do not 

know what are Ramsey classes of relational structures. But we are hopeful that  

we can deduce a strengthening of Corollary 

tion programme will be easier. This can be 

classes of relational structures. 

A class is said to be m o n o t o n e  if it is 

plicitly, ~2 is monotone if A' = (X',(R~;i 
A = (X,(Ri ; i  E I)) E /(7 such that  X '  _C 

1.3 in such a way that  the classifica- 

illustrated on all monotone Ramsey 

closed under monomorphisms. Ex- 

E I)) c K, providing there exists 

X,R} _C Ri , i  C I. In this case we 

write simply A' C_ A. For graphs, a monotone class corresponds to a class closed 

on (not necessarily induced) subgraphs. 

Let j r  be a class of structures (of type A). Denote by Forbm,~(.P) the class 

of all structures A E Rel(A) for which there are no F E 9 c with F C_ A. 

We also say that  a structure F E Rel(A) is said to be ( a m a l g a m a t i o n )  

i r r educ ib le  if any two its vertices appear in one of the edges of F.  (Alterna- 

tively F is irreducible if it is not a "free" amalgam of two proper substructures.) 

We have the following: 

THEOREM 1.4 ([24]): For every type A and every monotone, isomorphism 

closed class ~ of A-systems with the joint embedding property, the following 

two statements are equivalent: 
i. The class (~, ~_) is a Ramsey Class; 

ii. K = Forbm,a (5 c) for a class of irreducible A-systems. 

Proof (Sketch of a proof): One can prove easily that  for each Fra'iss+ class t~ the 

class (/(7, ~) of all linearly ordered A-systems in ~ has strong amalgamation. 
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Further, if ~ is monotone then ](: is determined by a set of forbidden amalgam- 

irreducible systems; see [24] for details. However, any set of amalgam irreducible 

A-systems leads to a Ramsey class as follows from [28]. Combined we get the 

statement. | 

In the rest of this paper we show that most of the above examples have a very 

simple description. So not only Ramsey classes lead to homogeneous structures; 

often these structures permit a simple (local) description. 

2. Concise description of homogeneous structures 

We specialize the notions of Section 1 for graphs and partially ordered sets. 

A countable partially ordered set P is said to be universal  if it contains any 

countable partially ordered sets (as an induced subset). 

A partially ordered set P is said to be homogeneous  if every partial isomor- 

phism between finite subsets extends to an isomorphism (of P). 

It is a classical model theory result that a homogeneous universal partially 

ordered set exists and that it is uniquely determined up to an isomorphism. This 

partially ordered set is naturally called a generic poset and it will be denoted 

by ~. The main result of this paper is devoted to the study of ~. :P can be 

constructed as Frai'ss~ limit of all finite partially ordered sets: we start with 

the singleton partially ordered sets and at the n-th step we add new vertices 

which extend the given partially ordered sets in all possible (consistent) ways 

to a partially ordered set with (n + 1) vertices. 

This procedure applies (as proved by Fra'iss6) not only to partially ordered sets 
but to structures in general and thus, in particular, the homogeneous universal 
(undirected) graph exists. This graph is called the R a d o  graph 7~. We state 

two of its striking properties which motivate the present paper (see the excellent 

survey by P. Cameron [3], see also [5, 20]): 

1. 7~ is isomorphic to the following graph 7~c: vertices of 7~  are all finite 

sets (in some countable model of set theory) with edges of the form {A, B} 

where either A E B or B E A. 

2. 7~ is isomorphic to the following graph 7~N: vertices of T4N are all natural 

numbers with edges of the form {m, n} where the m-th digit in the binary 

expansion of n is 1. 

3. T4 is isomorphic to the following graph T~QR: vertices of T4QR are all prime 

natural numbers x _= 1 mod4 with xy forming an edge iff (y) = +1. 

There are other explicit constructions (e.g. by universal sequences, see [3]). It 

is remarkable that all these seemingly unrelated constructions define the same 
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graph 7~. In the whole paper we work with a fixed standard countable model 

9)l of theory of finite sets. The simplicity of these constructions motivated our 

notion of a finitely presented structure which we state now. 

Definition 2.1: A countable structure S is finitely presented  (over 9Y~) if 

there exists a first order formula ~(x) (for elements of S) and for each relation 

R in S of arity k there exists a first order formula ~n(xl,... ,xk) such that: 

1. the elements of $ are all sets in 9)I satisfying ~(x), 

2. each relation R is induced by all the k-tuples of elements satisfying 

~R(x~,...,xk). 
Any structure isomorphic to a finitely presented structure is said to be also 

finitely presented. 

Thus the elements of S are just the class of sets defined by ~ while the 

structure relations are those classes defined by formulas ~R. 

More generally we could define a finite presentation over a model 92 of a theory 

7". However, in this paper we concentrate on the more restricted Definition 2.1. 

The construction 7~e is obviously a finite presentation of T~. 

For partially ordered sets the situation is more complicated than for graphs. 

In fact an explicit construction of the generic partially ordered set 7 ) by means of 

all finite models of a finitely axiomatizable structure was until recently an open 

problem. The main result of this paper is a construction of a finitely presented 

partially ordered set 7)f which is isomorphic to 7). This is proved in Section 3. 

We found the construction of 7)f in the broader context of a study of finite 

presentation of homogeneous structures, homogeneous undirected and directed 

graphs, tournaments and partially ordered sets. For these structures the classifi- 

cation programme has been completed in a series of difficult papers (see e.g. [18, 

4]) all based on the Fra'iss~ equivalent definition of homogeneous structures as 

amalgamation classes of finite structures. Particularly the homogeneous undi- 

rected graphs were characterized in [18]. We shall prove that all these graphs 

are finitely presented. For some graphs on the Lachlan-Woodrow list (all fi- 

nite examples, equivalences and Turgm graphs) this is an easy exercise. For the 

Rado graph this has been stated above. We prove in Section 3 that the generic 

graphs for the class Forb(Kk), of all finite graphs which do not contain a com- 

plete graph Kk, are finitely presented for every k _> 3. Thus all homogeneous 

graphs are finitely presented (Corollary 3.10). 

For oriented graphs and partial orders (two other structures with solved clas- 

sification problem) the situation is different in that we have to construct a finite 

presentation even for the generic oriented graph and for the generic partially 
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ordered set. This presented an open problem (see [34]) and this is solved in 

Section 4, Theorem 4.6 and in Section 5, Corollary 6.2. 

We further refine this construction to any oriented homogeneous graph of type 

Forb(T1,.. . ,  Tn) where Ti are (forbidden) tournaments. It follows that also all 

homogeneous tournaments are finitely presented (Corollary 6.2). On the other 

hand, as there are continuum many homogeneous oriented graphs and countably 

many finite presentations only, we cannot expect that all homogeneous oriented 

graphs have a finite presentation. This shows that there are natural limits 

to the programme of representing homogeneous structures by means of simple 

structures. 

The classification of homogeneous partially ordered sets is easier than for 

undirected graphs. The classification was given by Schmerl [36]. Apart from 

anti-chains, the set Q of all rationals, disjoint unions and "blow up" Q, the only 

other homogeneous partially ordered set is the generic one. 

Several examples of finitely presented linear orders and partially ordered sets 

are easy to find: 

• The set of all natural numbers (N, <) (according to von Neumann one 

can define an ordinal as a well founded complete set and the order _< is 

identified with E). 

• The set Q (see [7] where a variant of surreal numbers [17] is presented 

which implies a finite representation of Q). 

• p × pr for finitely presented structures P and pr. 

• Lexicographic product of P and P~ for finitely presented P and P~ (in 

fact, any "product" defined "coordinate-wise" is finitely presented). 

It follows that almost all homogeneous partially ordered sets are finitely pre- 

sented. The only remaining case is the generic partially ordered set P. The 

finite presentation of 7 ) is a much more difficult question and it is the main 

result of this paper. P is shown to be finitely presented in Section 4 (by means 

of the structures P~ and Pf). 
It seems that homogeneous structures are likely to be finitely presented. 

Intuitively, a high degree of symmetry (homogeneity) perhaps leads to a "low 

entropy" and thus in turn perhaps to a concise representation. Note that "con- 

cise representations" of finite structures were studied from a complexity point 

of view for graphs ([22, 37]) and partially ordered sets ([10, 27]). 

On the other hand, our main result (the construction of the structures Pe 

and Pf) may be viewed as an extension of surreal numbers of Conway [6, 17] to 

partially ordered sets. In Section 5 we exhibit this connection. 
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Our research was also motivated by trying to solve several problems related to 

universal partially ordered sets represented by finite graphs with special prop- 

erties. It has been proved in a different (category theory) context (see [13, 35]) 

that the class of all finite graphs ordered by the existence of a homomorphism 

is the universal partially ordered set. (However, note that both this partially 

ordered set and partially ordered sets constructed in [13, 35] are far from be- 

ing homogeneous.) An alternative combinatorial proof of the result [26] was a 

starting point of this research. 

The techniques of [13, 35] also do not extend to some of the basic subclasses 

of graphs such as planar graphs or graphs with bounded degrees. In fact these 

classes do not represent arbitrary subgroups [1] and monoids [2]. Yet by means 

of the techniques of this paper we can construct universal partially ordered sets 

for both planar and bounded-degree graphs. This also solves a problem stated 

in [34]. This together with a deeper analysis of finitely presented homogeneous 

oriented graphs is going to appear in the sequel [15] of this paper. Here we 

concentrate mostly on partially ordered sets. 

3. H o m o g e n e o u s  d i rec ted  graphs  

In this section we find a finite presentation of the homogeneous universal 

(generic) directed graph ~ and also of some other homogeneous graphs. We 
study the homogeneous graphs by means of extension properties. This we briefly 

recall for completeness (see [14, 1]). 

Definition 3.1: Let C be an isomorphism closed class of graphs, G a graph. 

We say that G has the ex tens ion  p r o p e r t y  for C if the following holds: For 

any pair of finite subgraphs G ~, G" E C and any embeddings ~ :  G ~ ~-~ G, 

~: G ~ ~-~ G" there exists an embedding ~ ' :  G" ~-~ G such that ~" o ~ -- qa ~. 

(An embedding is an isomorphism onto an induced subgraph.) 

The extension property implies both universality and homogeneity of G (see 

[14]): 

LEMMA 3.2: Every graph G having the extension property for the class age(G) 

is universal and homogeneous. 

This statement is a useful tool in proving that a finitely presented structure 

is generic. As a warm up we prove this for graph T~e: 

THEOREM 3.3: 7~ has the extension property for the class of finite undirected 
graphs. Thus T~ is isomorphic to the generic undirected graph T~. 
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Proof'. Let M0 and M1 be two disjoint finite sets of vertices of RE. (The 

subgraph of Re induced by M1 U M0 plays the r61e of G ~ in the extension 

property.) We are looking for the vertex X of T/E such that Y E X for every 

Y E M1 and Y ~t X for every Y E M0. It suffices to put X = M1 U {x}, where 

M1 ~t M0 satisfies M1 U {x} ~t Mo and Mo ~t Mt U {x}. 

Thus T/E has the extension property and thus it is generic for the class of all 

finite undirected graphs. I 

Analogously, we will construct the homogeneous universal directed graph ~ .  

In the rest of the paper we will use a fixed standard countable model of set 

theory 9J~ containing a single atomic element lb. This allows us to use the 

following definition of the ordered pair. 

Definition 3.4: For every set M we put ML = {A; A E M, lb ~ A}; and 

MR = {A;AU {lb} E M, lb ~ A}. 

For any two sets A and B we will denote by (A [ B) the set 

AU {M U {lb};M E B}. 

For any M not containing lb, we have (ML I MR) = M. Thus for the model 

g/It, the class of sets not containing lb represents the universum of the recursively 

nested ordered pairs. 

Definition 3.5: Define graph ~ e  as follows: The vertices are all finite sets not 

containing lb. (M, N) is an arc of ~E iff either M E NL or N E MR. 

THEOREM 3.6: ~ e  has extension property and thus it is the homogeneous uni- 
versal directed graph for the class of alI directed graphs. Thus ~ c  is isomorphic 
to ~ .  

Proof: We proceed analogously to the proof of Theorem 3.3: let M_, M+ and 

Mo be three disjoint sets of vertices, where Mo N (M_ U M+) is empty. We need 
to find vertex M with following properties: 

I. For each X E M_ there is an edge from X to M. 

II. For each X E M+ there is an edge from M to X. 

III. For each X E (M_ U M+ U Mo) there are no other edges from X to M or 

M to X than those required by I. and II. 

Fix any x • UmEM_uM+UMo m. Obviously vertex M = (M_ U{x} I M+) has 

the required properties I., II., III. I 

Thus generic graphs (both undirected and directed) are finitely presented. 

We can extend these representations to other homogeneous structures. We 

start with undirected graphs: 
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Definition 3.7: By ~c ,  we denote a homogeneous universal (i.e. generic) graph 

for class C of undirected graphs (if it exists). By ~ c ,  we denote a homogeneous 

universal graph for class C of directed graphs (if it exists). 

We denote by Forb(G) the class of all finite graphs not containing G as an 

induced subgraph. 

We now construct graphs 7~Forb(K~),e, k _> 3 which are isomorphic to the 

generic graph 7~Forb(~:~). The construction of graph ~Forb(Kk),e, k >_ 3, is an 

extension of the construction of T~e (recall that a finite set S is called c o m p l e t e  

if for any X , Y  E S, X ~ Y either X E Y or Y E X): 

Definition 3.8: Define 7~Forb(Kk),C, k _> 3 as follows: The vertices of RForb(Kk),C 

are all (finite) sets which do not contain a complete subset with k - 1 elements; 

two vertices of S and S' form an edge of 7~Forb(Kk),e iff either S E S t or S' E S. 

Thus T~Forb(K~),e is the restriction of the graph Re to the class of all sets 

without a complete subset of size k - 1. 

THEOREM 3.9: T~Forb(Kk),E has the extension property. Consequently 
7~.Forb(Kk),E is the homogeneous universal undirected graph for the class 
Forb(Kk). 

Proof: ~]~Forb(K~),e does not contain Kk: For a contradiction, let us suppose 

that  V1, V2, . . . ,  Vk are edges of a complete graph. Without loss of generality we 

may assume that  Vz E Vi+l for each i = 1 ,2 , . . . ,  k - 1. Since/x" k is a complete 

graph, V~ E Vk for each i = 1 , 2 , . . . , k  - 1. It follows that  {V1,.. . ,Vk-1} 

represents the prohibited subset S. Thus Vk is not a vertex of 7¢Forb(h'k). 

The extension property can be verified in an analogous way as we did for 

7~ in Theorem 3.3. (The constructed set satisfies the conditions required by 

definition ~'~Forb(Kk)') III 

COROLLARY 3.10: All homogeneous undirected graphs are finitely presented. 

Proof: Clearly a graph G is finitely presented iff its complement G is finitely 

presented. The statement follows from the discussion in Section 1 and Theorems 

3.3 and 3.9. II 

Finally, we extend our construction of the generic directed graph ~ e  to the 

graphs ~Forb(T},e not containing a tournament T. This is slightly more tech- 

nical (although it parallels the undirected case). 
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Put  T = (V, E) and for each v E V put 

L(v)= {v' E V;(v',v) E E), R(v)= {v' E Y;(v,v') E E} 

(observe that  L(v) U R(v) = V - {v}). 

Our vertices will be sets M which satisfy the following condition Cv (M) (for 

each v E V). 

Cv(M): 

There are no sets Xv,, v' E L(v) U R(v) satisfying the following: 

I. Xv, E ML for v' E L(v); 

II. Xv, E MR for v' E R(v); 

III. for every arc (v',v") E E, v',v" E L(v)U R(v) either Xv, E (Xv,,)L 

or Xv,, E (Xv,)R. 
In other words, Cv (M) holds if the sets Xv,, v r E L(v)UR(v) do not represent 

the tournament T - {v} in ~ .  

Definition 3.11: Denote by ~Forb(T),C the directed graph ~ e  restricted to the 

class of all sets M which satisfy the condition Cv(M) for every v E V. 

THEOREM 3.12: ;~Forb(T),e is isomorphic to ;~Forb(T); explicitly ;~Forb(T),E 

is the homogeneous universal graph for the class of all directed graphs not 

containing T. 

Proo~ The proof is analogous to the proof of Theorem 3.9. I 

This can be extended to classes Forb(7-) for any finite set of tournaments 

(but clearly not to all classes Forb(T)). In Section 6 we shall also prove that  all 

homogeneous tournaments are finitely presented. 

4. Unive r sa l  h o m o g e n e o u s  s t r u c t u r e  ~o~ 

In this section we further modify the finite presentation of ~ e  to a finite pre- 

sentation of the generic partially ordered set ~ .  We shall proceed in two steps. 

In this section we first define a partially ordered set ~° E which extends the defi- 

nition of ~ E .  The definition of T'¢ is recursive and thus not finitely presented. 

However, it is possible to modify the construction of :Pe to a finite presentation 

7) S. This is done in the last part of this Section (see Definition 4.8 and Theorem 

4.10). 

We use the same notation as in Section 2. Particularly, we work in a fixed 

countable model flit of the theory of finite sets extended by a single atomic set 
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~. Also, recall the following notation: 

ML= {A;A E M, 6 !t A}; M R = { A ; ( A U { 6 } ) E M , 6 I t A } .  

The following is our basic construction: 

Definition 4.1: Define the partially ordered set PE as follows: 

The elements of Pc are all sets M with the following properties: 

1. (correctness) 

(a) 6 it M; 
(a) ML U MR C ~E; 

(c) ML n MR = 0; 
2. (ordering property) ({A} U AR) M ({B} U BL) ¢ 0 for each A E ML, B E 

MR; 
3. (left completeness) AL C ML for each A E ML; 
4. (right completeness) BR C_ MR for each B E MR. 

The relation of Pe is denoted by _< and is defined as follows: We put M < N 

if: 

({M) u MR) n ({N} u NL) # O. 

We write M < N if either M < N or M = N. 

The class Pc is nonempty (as M = {{0}} = (0 I ~) E Pc). (Obviously the 

correctness property holds. Because ML = ~, MR = 0, the ordering property 
and completeness properties follow trivially.) 

Here are a few examples of non-empty elements of the structure Pc: 

(0 I o), 

(Ol {(Ol o)}), 

({(01 ~), (01 {(010)})} 10). 

It is a non-trivial fact that Pc is a partially ordered set. This will be proved 

after introducing some auxiliary notions: 

Definition 4.2: Any element W E (A WAR) A (B U BL) is called a wi tness  of 

the inequality A < B. 

The level of  A E PE is defined as follows: 

t(0) = 0; 

l(A) = max(/(B); B e AL U An) + 1 for A # 0. 

We observe the following facts (which follow directly from the definition of 

Pc): 
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FACT 1: X < A < Y for every A E Pc ,  X E AL and Y E AR. 

FACT 2: A <_ W AB < B for any A < B and witness W AB of A < B. 

FACT 3: Let A < B and let W AB be witness of A < B. Then l ( W  AB) ~_ 

min(l(A), l (B))  and either l ( W  AB) < l(A) or l ( W  AB) < l(B).  

First we prove transitivity of the strict inequality. 

LEMMA 4.3: Relation < is transitive for the class :pc. 

Proof'. Assume that  three elements A, B, C of :Pc satisfy A < B < C. We 

prove that  A < C holds as well. Let W AB and W Be be witnesses of the 

inequalities A < B and B < C, respectively. First we prove that  W AB ~ W Be. 

We distinguish four cases (according to the definition of the witness): 

1. W As  E BL and W BC E BR. 

In this case it follows from Fact 1 that  W AB < W BC. 

2. W As ~- B and W BC E BR. 

Then W Be is witness of the inequality B < W Be and thus W As < W BC. 

3. W A B E  BL and W RC = B. 

Inequality W AB <_ W Be  follows analogously to the previous case. 

4. W As  : W BC -~ B (and thus W AB <~ w B C ) .  

In the last case B is the witness of the inequality A < C. Thus we may assume 

that  W AB ~ W Be.  Let W mc be a witness of the inequality W AB < W BC. 

Finally, we prove that  W AG is a witness of the inequality A < C. We distinguish 

three possibilities: 
1. W AC = W AB -~ A. 

2. W Ac = W AB and W AG E A R .  

3. W AG C W AB, then also W Ac E A R  from the completeness property. 

It follows that  either W AG = A or W AG E A R .  Analogously, either W AC = C 

or W ACE eL  and thus W AC is the witness of inequality A < C. | 

LEMMA 4.4: Relation < is strongly ant isymmetric  on the class of  elements of  

:PE. 

Proof: Assume that  A and B, A < B < A, is a counterexample with minimal 

l(A) + l(B) .  Let W AB be a witness of the inequality A < B and W BA a witness 

of reverse inequality. From Fact 2 it follows that  A < W AB <_ B < W BA ~ A 

W AB. From the transitivity we know that  W AB <_ W BA and W BA <_ W AB. 

Again we shall consider 4 possible cases: 
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1. W AB = W BA. 

From the disjointness of the sets AL and AR it follows that W AB = 
W BA = A. Analogously, we obtain W AB = W BA = B, which is a 

contradiction. 
2. Either W As : A and W BA = B or W AB = B and W BA = A. 

Then the contradiction follows in both cases from the fact that l(A) < l(B) 

and l(B) < l(A) (by Fact 3). 
3. W AB # A, W AB # B, W AB # W BA. 

Then l (W AB) < I(A) and I(W AB) < L(B). Additionally, we have l (W BA) 

<_ l(A) and l (W BA) <_ l(B) and thus A and B is not the minimal counter 

example. 
4. W BA # A, W BA # B, W Au # W BA. 

The contradiction follows symmetrically to the previous case from mini- 

mality of l(A) + I(B). | 

THEOREM 4.5: _< is partial ordering on the class of elements of Pe. 

Proof'. Reflexivity of the relation follows directly from the definition; transi- 

tivity and antisymmetry follow from Lemmas 4.3 and 4.4. | 

Now we are ready to prove the main result of this section: 

THEOREM 4.6: PC is the universal and homogeneous partially ordered class. 

First we show the following lemma: 

LEMMA 4.7: Pe has the extension property. 

Proof: Let M be a finite subset of the elements of Pc. We want to extend the 

partially ordered set induced by M by the new element X. This extension can be 

described by three subsets of M: M_ containing elements smaller than X, M+ 

containing elements greater than X and M0 containing elements incomparable 

with X. Since the extended relation is a partial order we have the following 

properties of these sets: 

I. Any element of M_ is strictly smaller than any element of M+; 

II. B <_ A for no A E M_, B E Mo; 

III. A _< B for no A E M+, B C M0; 

IV. M_, M+ and Mo form a partition of M. 

Put 

M _ =  U B L U M - ;  M + =  U BRUM+. 
BEM_ BEM+ 
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We verify that the properties I., II., III., IV. still hold for sets M_, M+, Mo. 

ad I. We prove that any element of M_ is strictly smaller than any element 

of M+': 

Let A E M_, A' E M+. We prove A < A'. By the definition of M_ there 

exists B E M_ such that either A = B or A E BL. By the definition of 

M+ there exists B' E M+ such that either A' = B' or A' E B~. By the 

definition of < we have A _< B, B < B ~ (by I.) and B' _< A' again by 

the definition of <. It follows that A < A'. 

ad II. We prove that B _< A for no A E M_, B E Mo: 

Let A E M_, B E Mo and let A' E M_ satisfy either A = A' or A E A~. 

We know that B ~ A' and, as A _< A', we have also B ~ A. 

ad III. To prove that A < B for no A E M+, B E Mo we can proceed similarly 

to ad II. 

ad IV. We prove that M_, M+ and M0 are pairwise disjoint: 

M_ t3M+ = 0 follows from I. M_ AMo = 0 follows from II. M+NMo : 0 

follows from III. 

It follows that A = (M_ [ M+) is an element of Pe with the desired 

inequalities to the elements in the sets M_ and M+. 

Obviously each element of M_ is smaller than A and each element of M+ 

greater than A. 

It remains to be shown that each N C M0 is incomparable with A. However, 

we run into a problem here: it is possible that A = N. We can avoid this 

problem by first considering the set 

M' = U B n U M .  
BEM 

It is then easy to show that B = (0 ] M') is an element of Pe strictly smaller 

than all elements of M. 

Finally, we construct the set A' = (AL U {B} I AR). The set A' has the same 

properties with respect to the elements of the sets M_ and M+ and differs from 

any set in M0. It remains to be shown that A' is incomparable with N. 

For the contrary, assume for example that N < A' and W NA' is the witness 

of the inequality. Then W NA' E M_ and N < W NA'. Recall that N E Mo. 

From IV. above and the definition of A', it follows that N < W NA'. From 

ad III. above it follows that there is no choice of elements such as N < W NA', 
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Figure 1. Partially ordered set P 

Isr. J. Ma th .  

The case N > A' is analogous. I 

Proof: The proof of Theorem 4.6 follows by combining Lemma 4.7 and Lemma 

3.2. I 

Example 4.1: The above proof when applied to the partially ordered set P 
from Figure 1 (with the indicated order of elements) will proceed as follows: 

e(1) = (010), 

c(~) = (Ol {(~ 10)}), 
c(3) = ({(010), (01 {(010)})}  I 0), 

C(4) = ({(~ ] {(0 I 0)})} I {({(0 I O),(O I {(0 [ 0)})} I O)}). 

Definition 4.1 of 7)e is recursive and thus not a finite presentation. However, 
it can be modified to give a finite presentation of P which we define by P$. 
After defining carefully the elements of PS, the relation <:~s follows easily. 

Definition 4.8: Elements of Pf  are all pairs (P, _<p) which satisfy the following: 
I. Axioms for P: 

1. (correctness) 
(a) tb • M; 
(b) ML U MR C P; 

(c) ML N MR = O; 
2. (ordering property) ({d} U mR) N ({B} U BL) # 0 for each d E 

ML, B E MR; 
3. (left completeness) AL C_ ML for each A E ML; 
4. (right completeness) BR C Mn for each B E MR. 

II. Axioms for <p: 
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1. -<p is partial order; 

2. -<p is the transitive closure of the set 

{(A,B);A E BL U B n , B  e P} U {(A,A);A E P}; 

3. (P, -<p) has maximum denoted by re(P, <p). 

The relation -<~i of 7)S is defined by comparison (in 7)e) of the greatest 

elements: 

(P, <P) -<Ps (P', <P') iff re(P, <p) <: m(P',  <p,) in 7)E" 

This definition is a finite presentation of elements of 7)S. For this, it suffices 

to note that the maximum, completeness and transitive closure are axiomatized 

by first order formulas. We next turn to the presentation of -<us. First we show 

that ;DE and 7)f are compatible: 

LEMMA 4.9: P C 7)c for each (P, <p) E 7)S' 

Proof: Suppose on the contrary that there is A E P E 7)S such that A ~t 7)e. 

Without loss of generality we may assume that there is no B E P, B ~ 7)e 

such that B <p A. From the definition of <p it follows that C G 7)E for each 

C G AL UAR. Thus for A we have (1) (b) in Definition 4.8 equivalent to (1) (b) 

from Definition 4.1. The rest of the definitions are equivalent too, so we have 

A E T)E. I 

THEOREM 4.10: 7)f is tinitely presented and isomorphic to 7)e (and to 7)). 

Proof'. For the correctness of the definition of 7)f, note that re(P, <p) are 

elements of 7)~ and < in 7)~ is described by a first order formula. 

We have already noted that Definition 4.8 is a finite presentation of 7)e. We 

claim that the correspondence 

(p, <.) re(P, <p) 

is an isomorphism of 7)S and Pc. 
Clearly it suffices to prove that ~a is bijective. This follows from the following 

two facts: 

I. For each (P, <p) the set P contains all the elements of PE which appear 

in the construction of re(P, <p) E P~. (This is the consequence of (1) (b) 

and both Definition 4.1 and the definition above.) 
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2. For each (P, <p) the set P consists only of elements of Pc which appear 

in the construction of re(P, <p).  

Let A 1 < p  m ( P , ( p ) .  By definition of <p  we have A 1 , A 2 , . . . , A  t = 

m(P, <p) such that  A i E A~ +1 UA~ -1. But as m(P, <p)  E Pc we get also 

A E Pc by Definition 4.1 (2). 

So for different sets, the greatest elements are different and each M E Pc can 

be used as a greatest element to construct an element of Pf.  I 

COROLLARY 4.11: All homogeneous partially ordered sets are finitely presented. 

Proof: Using the Schmerl classification [36] and by remarks in Section 1, all 

homogeneous non-generic partially ordered sets are finitely presented. The 

generic partially ordered set 7 ) is isomorphic to 7)c by Theorem 4.10. I 

5. Conway~s surreal numbers 

Recall the definition of surreal numbers, se [6, 17]. (For a recent generalization 

see [7].) Surreal numbers are defined recursively together with their linear order. 

We briefly indicate how partial order Pc fits this scheme. 

Definition 5.1: A surreal number is a pair x = {xLIxR}, where every member 

of the sets x L and x L is a surreal number and every member of x n is strictly 

lower than every member of x R. 

We say that  a surreal number x is less than or equal to the surreal number y 

if and only if y is not less than or equal to any member of x L and any member 

of yR is not less than or equal to x. 

We will denote the class of surreal numbers by S. 

Pc may be thought of as a subset of S. The recursive definition of A E Pc 

leads to the following order which we define explicitly: 

De~n/tion 5.2: For elements A, B E Pc we write A <__s B, when there is no 

l E An, B ~_s l and no r E BR, r ~_$ X .  

_<s is a linear order of Pc (_<s is the restriction of Conway's order). It is in 

fact a linear extension of our partial order _< of Pc:  

THEOREM 5.3: For any A, B E Pc,  A < B implies A <s B. 

Proof: We proceed by induction on l(A) + l(B). 

For empty A and B the theorem holds, as they are not comparable by <. 



Vol. 149, 2005 FINITE PRESENTATION OF HOMOGENEOUS GRAPHS 41 

Let A < B and W AB be the witness. In the case  W AB ~ A, B, then A <s 

W AB <s B by induction. In the case A E BL, then A <s B from the definition 

of <s. | 

6. Concluding  r emarks  

1. In Theorem 4.6 we presented what we believe to be the first finite presentation 

of the generic (i.e. homogeneous and universal) partially ordered set P.  

One should stress that even the finite presentation of a universal partially 

ordered set is a non-trivial question which presented a problem. This weaker 

problem has been solved in category-theory context by [13] and [35]. However, 

none of these structures is homogeneous. For example, the extension properties 

of the class of finite graphs with the homomorphism order do not hold and also 

some difficult combinatorial problem (such as the product conjecture) may be 

expressed as particular extension properties. 

2. We can also consider oriented graphs (i.e. antisymmetric relations). Let (9 

denote the generic oriented graph. (9 has finite presentation (ge which we obtain 

as a variant of ~ :  we say that M is a vertex of Oc, M E ~ which satisfies 

ML N Mp = 0 (see Definition 3.5). 

Further results of Section 2 may be modified accordingly. 

3. Analogously to the relation 7¢e and T/N we can represent the ordered pairs 

by integers: 

Definition 6.1: Let M be any set not containing 'b. By code c(M) of  M we 

denote the integer 

c ( M ) =  E 22c(A) + E 22c(B)+1" 
AEML AEMR 

Notice that c is a bijection between the sets not containing & and the integers. 

The predicate X E ML is equivalent to a test of whether the 2c(X)-th digit of 

binary representation of c(m) is 1, and similarly for X E MR. Thus all our 

constructions involved in the construction of ~ e  based on these predicates can 

be expressed arithmetically. 
4. The finite presentation of generic directed graph ~ and of generic oriented 

graph (_9 may be used for finite presentation of the generic tournament T. 

Let Oe be the finite presentation of O constructed in Remark 3. Denote by 

ON the arithmetic presentation of O~. Explicitly, an integer n is a vertex of 

ON iff there exists an element M of Oc such that n = c(M). (Thus in addition 
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to Definition 6.1, we have that  n does not contain l 's  on both positions 2i and 

2i + 1, i _> 1.) Let n and n I be vertices of 59c- There is an edge from n to n ~ 

if and only if there are sets M and M'  such as c(M) = n and c(M') = n' and 

there is an edge from M to N ~ in 59~. Alternatively, there is an edge from n to 

n ~ if there is 1 on the 2nt-th place of the binary representation of n or on the 

(2n + 1)-th place of the binary representation of n ~. 

We use the finite presentation 59N of generic oriented graph (9 for the con- 

struction of a finite presentation 7N of the generic tournament T: An integer n 

is a vertex of TN iff n is a vertex of CON. The arcs of 7~ will be all arcs of ON 

together with pairs (n, nt), n < n'  for which (n', n) is not an arc of 59N. 

TN is obviously a tournament. TN has the extension property by the same proof 

as above for Theorem 3.6 (the construction vertex M has the same properties 

in TN as in ~N).  

Thus we have: 

COROLLARY 6.2: All homogeneous tournaments are finitely presented. 

Proof." According to Lachlan's classification [19] (see also [4]), all homogeneous 

tournaments are C3, Q (dense linear order), S(2) (dense local order) and the 

generic tournament.  Only S(2) needs to be considered. 

Intuitively, the tournament S(2) can be seen as a circuit with edges forming 

a dense countable set of chords. The orientation is chosen in such a way that  

shorter chords are oriented clockwise. 

One can check that  S(2) may be equivalently described as follows: The ver- 

tices of S(2) are all rational numbers with an odd denominator q, 0 _< q < 1. 
] 1 | There is an a rc (a ,b )  i n S ( 2 ) i f f e i t h e r a < b < a + ~ o r a - l < b < a  2" 

5. It remains to be seen whether the relationship between dynamic systems and 

Ramsey theory (as exhibited by seminal work of Furstenberg and his school [9]) 

has a bearing on finite presentation and homogeneous objects. Some indication 

for this given in [16] relates Ramsey classes to extremely amenable groups and 

minimal flows with some interesting applications to admissible orderings. 
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